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ABSTRACT
In this paper we show how intrinsic alignments can be incorporated consistently in the formal-
ism of 3d weak lensing. We use two different descriptions of the intrinsic galaxy ellipticities,
the so-called linear and quadratic model, respectively. For both models we derive the covari-
ance matrix of the intrinsic alignment signal (II-alignments) and GI-alignments (the cross
correlation of intrinsic and lensing induced ellipticities). Evaluating the covariance matrices
for the linear model numerically and comparing the results to the cosmic shear signal we find
that for a low redshift survey the total covariance matrix is dominated by the contributions of
the II-alignments. For a Euclid-like survey II-alignments still dominate over GI-alignments
but they are more than one order of magnitude smaller than the lensing signal. The shape of
the ellipticity covariance matrices is quite different in the k-k′-plane for cosmic shear on the
one hand and intrinsic alignments on the other hand. In comparison to lensing both alignment
types tend to be rather elongated along the diagonal k = k′. Moreover, for high multipoles
(ℓ ∼ 100) intrinsic alignments are strongly concentrated along that diagonal.
Key words: gravitational lensing: weak – large-scale structure of Universe – methods: ana-
lytical
1 INTRODUCTION
Forthcoming weak lensing surveys like the Euclid mission aim to
constrain cosmological parameters to an accuracy of a few per cent.
Information from gravitational lensing (Blandford et al. 1991; Seitz
et al. 1994; Kamionkowski et al. 1998) is eminently important be-
cause it is complementary to that obtained from the cosmic mi-
crowave background (Hu 2002b). Being sensitive to all forms of
matter and particularly to its time evolution, gravitational lensing
experiments are essential in the investigation of dark energy; the
most significant parameters are its equation of state along with its
time evolution as well as the dark energy contribution to the Uni-
verse’s matter content.
Conventionally, weak lensing or cosmic shear analyses are
carried out in two dimensions. The main observables, angular cor-
relation functions or equivalently angular power spectra, are ob-
tained from a projection along the line-of-sight. Furthermore, one
usually neglects the curvature of the sky considering only small
patches which can be safely treated as flat. In order to overcome
the line-of-sight projection and to make the valuable information
contained in the time evolution of the lensing signal available, more
advanced techniques have been developed in the past. These tech-
niques take the photometric redshifts of the lensed galaxies into
account. Simple stacking of usual (two-dimensional) lensing anal-
ysis carried out in several tomographic redshift slices already al-
lows for tighter parameter constraints (Hu 1999; Takada & White
⋆ e-mail: philipp.merkel@urz.uni-heidelberg.de
2004; Hannestad et al. 2006), especially in the case of the dark en-
ergy equation of state (Hu 2002a). More elaborated than such tomo-
graphic methods is the three-dimensional formalism developed by
Heavens (2003) and Castro et al. (2005). They completely account
for the three-dimensional character of weak gravitational lensing by
maintaining the radial dependence of the lensing potential through-
out the whole analysis, i.e. by abandoning the necessity of any pro-
jection. Additionally, they provide access to the full sky. The cost
of this very general formalism is its enhanced numerical complex-
ity which is mainly due to the coupling of different density modes.
This mode coupling underlines the fact that the lensing potential is
not statistically homogeneous.
For both, tomography as well as three-dimensional weak lens-
ing, good knowledge of the lensed galaxies’ redshift is indispens-
able. The error in photometric redshift estimation is therefore con-
sidered as one of the most important systematics in cosmic shear
studies (Abdalla et al. 2008). But the more the redshift accuracy
improves, the more other systematical errors become significant.
Thus, the systematical error budget might soon be dominated by
intrinsic shape correlations. The correlations in the shapes of galax-
ies, more precisely their ellipticities, are only an unbiased estimator
of the weak gravitational shear field if the intrinsic shapes are com-
pletely randomly orientated. Otherwise, intrinsic shape correlations
will mimic the lensing signal, thereby corrupting cosmological pa-
rameters derived from lensing studies which are carried out under
the null hypothesis of absent intrinsic alignments (Bridle & King
2007; Joachimi & Bridle 2010; Kirk et al. 2010; Capranico et al.
2012). Employing shear tomography Bridle & King (2007) and
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Kirk et al. (2012) showed that in particular the equation of state
parameter of dark energy is severely biased. Kitching et al. (2008)
obtained similar results using 3d cosmic shear.
Intrinsic shape correlations have been observed in a number
of Sloan Digital Sky Survey samples (Mandelbaum et al. 2006,
2011; Hirata et al. 2007; Okumura et al. 2009) as well as in numer-
ical simulations (Heavens et al. 2000; Heymans et al. 2006; Kuhlen
et al. 2007).
In order to remove, or at least reduce, the intrinsic alignment
contamination of cosmic shear data a large variety of methods have
been proposed and successfully applied. While King & Schneider
(2002, 2003) and Heymans & Heavens (2003) exploit the locality
of the intrinsic shape correlations to suppress the intrinsic align-
ment signal; the nulling techniques invented by Joachimi & Schnei-
der (2008, 2009) modify the lensing efficiency in such a way that
the resulting cosmic shear measures are free from intrinsic align-
ment contributions. Both approaches provide unbiased estimates
of cosmological parameters at the expense of precision due to the
unavoidable loss of information inherent to these methods. Alter-
natively, one can circumvent data rejection by explicitly including
intrinsic alignments in the analysis. The additional parameters used
for modelling the intrinsic alignments then need to either be deter-
mined from the data or marginalised over, thereby weakening the
constraints on the derived cosmological parameters (King 2005;
Bridle & King 2007; Bernstein 2009; Joachimi & Bridle 2010;
Heymans et al. 2013).
All these methods, however, are tomographic methods. So
far no comparable efforts have been made in case of 3d cosmic
shear. This is particularly deplorable because 3d weak lensing im-
proves upon tomographic analyses as it avoids the loss of infor-
mation going along with any binning in redshift. Therefore, fully
three-dimensional studies are extremely promising for measuring
dark energy properties; very precise forecasts for the dark energy
equation of state parameter and its time evolution can be achieved
(Heavens et al. 2006). Furthermore, 3d weak lensing is less sensi-
tive to errors in the photometric redshifts of galaxies than tomog-
raphy. This makes intrinsic alignments very likely to dominate the
systematical error budget in future 3d cosmic shear surveys. Thus,
reliable control of this systematic error is increasingly important.
Nonetheless the development of appropriate methods has re-
ceived little attention in the past. This might be due to the fact that
a consistent three-dimensional description of intrinsic alignments
derived from physical alignment models is not yet available. Previ-
ous work analysing the impact of intrinsic alignments on 3d weak
lensing measurements (e.g. Kitching et al. 2008) used the fitting
formulae provided by Heymans et al. (2006). These intrinsic align-
ment parametrisations are derived from numerical simulations. In
this paper we aim at a more analytical description. We establish
the constitutive formalism necessary to incorporate intrinsic align-
ments into the framework of 3d weak lensing starting from physical
alignment models. We concentrate on the two models proposed by
Catelan et al. (2001) and Hirata & Seljak (2004) which have al-
ready been extensively used in the tomographic studies of intrinsic
alignments mentioned above. We present expressions for the result-
ing covariance matrices of the intrinsic alignment signal and for
its cross correlation with that of cosmic shear. Comparison to the
two-point statistics of weak cosmic shear then yields first insights
into the strength of intrinsic alignment contamination, in particu-
lar its dependence on scale. Additionally, we investigate how this
contamination varies with the depth of the lensing survey under
consideration.
We structured this paper as follows: In Section 2 we start with
a brief recapitulation of the key quantities in the description of
galaxy ellipticities and their relation to (weak) gravitational lens-
ing. Subsequently, we present in detail the two intrinsic ellipticity
models considered in this work. These models are then reformu-
lated in the language of 3d cosmic shear in Section 3. Furthermore,
we derive expressions for the resulting covariance matrices of the
various intrinsic alignment types. Section 4 is devoted to the nu-
merical evaluation of the covariance matrices derived before. Fo-
cusing on the linear alignment model, we illustrate our results for
two different lensing survey specifications. Finally, we summarise
our results in Section 5.
Throughout this work we assume a spatially flat ΛCDM uni-
verse characterised by the WMAP7 best fit parameters (Komatsu
et al. 2011). Thus, the contribution of matter to the Universe’s en-
ergy budget is given by Ωm = 0.3, whereas the cosmological con-
stant contributes with ΩΛ = 0.7. The primordial perturbations in
the cold dark matter (CDM) component with (scalar) fluctuation
amplitude ∆2R = 2.43× 10−9 (corresponding to σ8 = 0.8) are nearly
scale invariant (nS = 0.963). Finally, the Hubble rate observed to-
day is H0 = 100 h km s−1 Mpc−1 with h = 0.7.
2 INTRINSIC GALAXY ELLIPTICITY AND
GRAVITATIONAL LENSING
In projection, the shape of a galaxy on the sky can be characterized
by its (complex) ellipticity
ǫ = ǫ+ + iǫ× = |ǫ|e2iϕ. (1)
The real and imaginary part quantify the elongation and compres-
sion along two directions separated by 45◦, respectively. The an-
gle ϕ measures the misalignment between the local frame and the x-
axis on the sky plane (assuming the line-of-sight along the z-axis).
Obviously, the ellipticity is a spin-2 field. It is invariant under ro-
tations of the coordinate frame by an angle of pi. Accordingly, its
complex conjugate carries spin weight −2. Under idealised condi-
tions, i.e. in the absence of pixelisation, convolution and noise, the
ellipticity components can be inferred from the second moments of
the brightness distribution. The processing of real data, however,
requires more involved methods and a variety of complementary
shape measurement tools has been developed (Kaiser et al. 1995;
Refregier 2003; Refregier & Bacon 2003; Miller et al. 2007; Kitch-
ing et al. 2008; Melchior et al. 2011). A compilation of the different
methods and their individual performance can be found in the hand-
books of the GRavitational lEnsing Accuracy Testing Challenges
2008 and 2010 (Bridle et al. 2009; Kitching et al. 2010).
Light rays reaching the observer from distant galaxies are de-
flected by gradients in the gravitational potential of the intervening
large-scale structure. Consequently, the actually observed elliptic-
ity of a galaxy ǫ(o) is made up of two contributions
ǫ(o) = ǫ + γ (2)
with
γ = γ+ + iγ×. (3)
The shear γ encodes the deformation of the source due to gravita-
tional lensing (see Bartelmann & Schneider 2001; Hoekstra & Jain
2008; Bartelmann 2010, for reviews). By construction, it consti-
tutes a spin-2 field, too. In addition to the deformation, lensing also
changes the size of the source isotropically. This effect is captured
by the convergence κ which is a real scalar quantity in contrast to
the shear. The convergence is only directly observable in rare cases.
c© 2013 RAS, MNRAS 000, 1–13
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The simple superposition of intrinsic and lensing induced el-
lipticity in equation (2) only holds in the limit of weak gravitational
lensing. Here the lensing effect on the individual galaxy is small,
i.e. |γ| ≪ 1 and κ ≪ 1 and the reduced shear g ≡ γ/(1 − κ) mediat-
ing between lensing and observed ellipticity
ǫ(o) =
ǫ + g
1 + g∗ǫ
(4)
(Seitz & Schneider 1997) can be well approximated by ǫ +γ. Since
the individual distortions are so small the observable weak lens-
ing signal is obtained as a statistical average over an ensemble of
galaxies. Equation (2) underlines that the observed ellipticities are
an unbiased estimator of the gravitational shear provided that the
intrinsic shapes of the observed galaxies are randomly orientated
and as long as lensing effects are weak, i.e. the approximation
ǫ(o) ∼ ǫ + g ∼ ǫ + γ (5)
holds.
The intrinsic galaxy shapes emerge, at least partially, from the
cosmic tidal field introducing correlations in the intrinsic shape
of nearby galaxies, so-called II-alignments. Since both tidal field
and gravitational lensing have the same origin, namely the gravi-
tational potential, there may also be correlations between the in-
trinsic galaxy shapes and those being lensing induced. These corre-
lations are commonly referred to as GI-alignments (Hirata & Sel-
jak 2004). It is interesting to note that the two different alignment
types feature opposed redshift dependencies. II-alignments only
arise from galaxy pairs which are physically close, i.e. their sepa-
ration needs to be small both on the celestial sphere and in redshift,
while the correlation length of GI-alignments in redshift is com-
patible with that of weak lensing. This complicates the removal of
GI-alignments from cosmic shear data enormously. Another impor-
tant difference between II- and GI-alignments arises from the fact
that the latter can be negative indicating an anti-correlation between
intrinsic and lensing induced ellipticity. While a lensed background
galaxy appears preferentially tangentially aligned with the lens the
tidal field of the very same lens aims to radially align a close-by
foreground galaxy.
Basically, there are two models used to describe the intrinsic
alignment of galaxies. They are linear and quadratic in the tidal
shear tensor, respectively. These models are rather simple and ac-
count neither for baryonic physics nor for the details of the forma-
tion process which are assumed to play a major role in building up
the shape of an individual galaxy and for the orientation of its disk.
Yet, they provide a very general and physically intuitive parametri-
sation which is largely based on the symmetry or rather spin prop-
erties of the ellipticity. This is why they are a viable tool for an
analytical treatment. Despite their simplicity, we expect these mod-
els to provide valuable information about the statistics of intrinsic
alignments as for those the properties of a single galaxy should be
of minor importance. For a more extensive discussion of the range
of applicability of these models we refer to Mackey et al. (2002);
Hirata & Seljak (2004).
2.1 Linear model
The simplest model for intrinsic alignments is linear in the shear
field,
ǫ+ = −C1
(
∂2x − ∂2y
)
ΦS,
ǫ× = −2C1∂x∂yΦS, (6)
assuming that the galaxy shape is at least partially determined by
the shape of the dark matter halo the galaxy resides in. The host
halo forms from gravitational collapse in a tidal field and is there-
fore expected to be triaxial and aligned with the principal axes of
the tidal field. To physically motivate the ansatz in equation (6) one
can consider the extremely simple case of a spherical arrangement
of test particles moving in a spatially slowly varying potential Φ. A
Taylor expansion of the potential about the origin then reveals that
its gradient leads to a constant gravitational field shifting the test
particles as a whole while the shape of the sphere is distorted by
the quadratic term, i.e. the tidal field (Catelan et al. 2001).
This ansatz is usually used to describe the shape of ellipti-
cal galaxies expecting that the baryonic matter, i.e. stars, fills up
the gravitational well. The derivatives in equation (6) are comoving
derivatives and the proportionality constant C1 is a free parameter
of the model which may be determined empirically by comparison
with observations (cf. Catelan et al. 2001; Hirata & Seljak 2004).
Since we are interested in the intrinsic ellipticity of galaxies we
have to apply an appropriate filter function to the Newtonian po-
tential in equation (6), which we indicate by the subscripted S. The
smoothing scale has to be chosen in such a way that it cuts off fluc-
tuations corresponding to galaxy-sized objects. For instance one
could impose a Gaussian filter function, i.e. ΦS(k) = Φ(k)e−(kR)2/2,
and adjust the filter scale R to the mass scale of galaxies via the
mean cosmic matter density ρ¯m, i.e. by setting M = 4/3piρ¯mR3.
Typical values for galaxies are M ∼ 1011 . . . 1012 M⊙. Moreover,
we assume that galaxy formation takes place during matter domi-
nation so that the linear Newtonian potential becomes independent
of the scale factor.
2.2 Quadratic model
In contrast to ellipticals the shape of spiral galaxies is believed to be
determined by their angular momentum. Since the disk forms per-
pendicular to the spin axis the intrinsic ellipticity may be described
by the following ansatz (Catelan et al. 2001)
ǫ+ = f (L, Lz)(L2x − L2y),
ǫ× = 2 f (L, Lz)LxLy (7)
where L denotes the magnitude of the angular momentum. In the
special case of an ideally thin disk, the function f is given by
f (L, Lz) = 1/(L2 + L2z ) so that
ǫ+ =
ˆL2x − ˆL2y
1 + ˆL2z
,
ǫ× =
2 ˆLx ˆLy
1 + ˆL2z
(8)
with the angular momentum direction ˆL ≡ L/L. The finite thick-
ness of a realistic disk can be accounted for by simply rescaling the
expressions for the ellipticity by a constant factor, which weakens
the dependence on the inclination angle, i.e. f (L, Lz) = α/(L2 + L2z )
with α ∼ 0.75, (Crittenden et al. 2001). It is interesting to note that
the modulus of the ellipticity in equation (8) is constant. Hence,
the ellipticity components just measure the galaxy’s orientation.
For actual computations it is more convenient to simplify equa-
tion (7) by assuming f (L, Lz) = C2 = const. Since f determines
how the ellipticity scales with the angular momentum one expects
C2 ∼
√
〈ǫ2〉/〈L2〉 (Mackey et al. 2002). This comprises the effect
of the finite disk thickness, as well, which weakens the correlation.
c© 2013 RAS, MNRAS 000, 1–13
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Under the assumption that the galaxy’s angular momentum
follows largely that of its host halo, one can compute the angular
momentum in the framework of tidal torque theory (Hoyle 1949;
Sciama 1955; Peebles 1969; Doroshkevich 1970; White 1984; see
Scha¨fer 2009 for a recent review). Here the angular momentum is
made up by the product of the halo’s moment of inertia and the tidal
field exerted by the neighbouring large-scale structure.
The applicability of this mechanism is limited. Recent results
from cosmological simulations indicate that tidal torque theory
breaks down at the turn around and virialisation of the halo (Por-
ciani et al. 2002). Libeskind et al. (2013) suggest that from this
point on the angular momentum may emerge from a vortical rather
than a shear flow. In this case, shape correlations could be related
to correlations in the vorticity of the cosmic flow field and hence be
described by a single dynamical field in a way similar to the linear
model presented before. Extensions to tidal torque theory are also
required in order to explain the hierarchical spin alignment of dark
matter haloes in the cosmic web (Aragon-Calvo 2013). Finally, an-
gular momentum acquisition is further complicated by the baryonic
matter component (Stewart et al. 2013).
Despite these limitations the framework of tidal torque the-
ory is very well suited for an analytical description of most of the
fundamental properties of the spin of dark matter haloes. Both, the
tensor of inertia and the shear field, can be related to the cosmic
density field whose statistical properties are well-understood in lin-
ear theory. The actual computation of the resulting angular mo-
mentum correlation functions is quite involved due to the high di-
mensionality of the underlying probability distribution (Heavens &
Peacock 1988; Scha¨fer & Merkel 2012). In the analysis of intrin-
sic alignments one therefore usually exploits the different correla-
tion lengths of the tensor of inertia and the shear field, respectively.
While the correlations of the latter are typically long ranged, cor-
relations in the inertia tensor primarily arise from smaller scales.
Thus, neglecting any correlations between tidal field and inertia
tensor one can first average over all possible orientations of the in-
ertia tensor and subsequently over the realizations of the tidal field.
Setting f (L, Lz) = C2 in equation (7) as discussed above one finds
ǫ+ = C2
[
(∂2xΦS)2 − (∂2yΦS)2
]
, (9)
ǫ× = 2C2
(
∂2xΦS − ∂2yΦS
)
∂x∂yΦS. (10)
These relations were first derived by Catelan et al. (2001) while
our presentation above follows more closely the argumentation
of Mackey et al. (2002). As before, the derivatives are comoving
derivatives and the constant of proportionality C2 is a free parame-
ter of the model which needs to be determined from observations.
3 3D FORMALISM
The lensing effect results from gradients in the Newtonian grav-
itational potential. It can therefore be related to the cosmic den-
sity field by means of the Poisson equation. In the standard proce-
dure of cosmic shear analysis the shear field enters as a projection
along the line-of-sight γ(χ, ϑ, ϕ) → γ(ϑ, ϕ), thus providing an in-
tegrated measurement of the evolution of the cosmic density field.
The projection, however, removes valuable information contained
in its evolution as it inevitably mixes different spatial scales. This
loss of information can be avoided, or at least reduced, by employ-
ing tomographic methods (Hu 1999, 2002a; Takada & Jain 2004;
Kitching et al. 2011; Scha¨fer & Heisenberg 2012). After dividing
the population of lensed galaxies into redshift bins the projection
can be carried out piecewise over smaller redshift intervals thereby
increasing the sensitivity of the lensing signal.
The focus of this work rests on another possibility to over-
come the limitations of the line-of-sight projection: 3d weak lens-
ing (Heavens 2003; Castro et al. 2005). This formalism allows for
a direct three-dimensional mapping of the cosmic density field.
As detailed in the preceding section, in the two simple models
we are considering in this work intrinsic galaxy alignments may
also be related to the Newtonian gravitational potential. The lin-
ear model is very similar to the description of weak cosmic shear.
We shall therefore start with a short repetition of the formalism of
3d weak lensing in a very general way allowing for a convenient
extension to intrinsic alignments later on.
3.1 Cosmic shear
3d weak lensing is formulated in harmonic space. Since all fields of
interest carry spin-weight 2, the most natural choice of basis func-
tions is given by a combination of spherical Bessel functions jℓ(z)
(Abramowitz & Stegun 1972) and spin-weighted spherical harmon-
ics sYℓm(nˆ) (Hu 2000). Any spin-s quantity can then be expressed
as
S (x) =
√
2
pi
∑
ℓm
∫
k2dk S ℓm(k)sYℓm(nˆ) jℓ(kx). (11)
Inverting the last equation yields the expansion coefficients
S ℓm(k) =
√
2
pi
∫
d3 x S (x) jℓ(kx)sY∗ℓm(nˆ). (12)
Here and in the remainder of this work we will assume a spatially
flat universe. The generalisation to a universe with arbitrary spatial
curvature is straightforward. Most recently this spherical Fourier
Bessel expansion has been applied in the analysis of baryon acous-
tic oscillations (Pratten & Munshi 2013).
The cosmic shear field, as well as the convergence, are derived
from the lensing potential
φ(x) = φ (χ, ϑ, ϕ) = 2
∫ χ
0
dχ′ χ − χ
′
χχ′
Φ (χ′, ϑ, ϕ) (13)
by applying twice the eth operator ð (Newman & Penrose 1966;
Goldberg et al. 1967) and its complex conjugate ¯ð
γ(x) = 1
2
ðð φ(x), (14)
κ(x) = 1
4
(
ð¯ð + ¯ðð
)
φ(x) = 1
2
∆ϑϕφ(x) (15)
(Castro et al. 2005), respectively. The distances χ in equation (13)
are comoving distances as we assume a spatially flat universe.
Applied to a spin-weighted spherical harmonic the eth opera-
tor acts as a spin raising operator
ð sYℓm(nˆ) =
√
(ℓ − s)(ℓ + s + 1) s+1Yℓm(nˆ), (16)
whereas its complex conjugate lowers the corresponding spin
weight
¯ð sYℓm(nˆ) = −
√
(ℓ + s)(ℓ − s + 1) s−1Yℓm(nˆ). (17)
Noting that the lensing potential is a true scalar, i.e. spin-0 quantity,
the following relations hold
γℓm(k) = 12
√
(ℓ + 2)!
(ℓ − 2)!φℓm(k), (18)
c© 2013 RAS, MNRAS 000, 1–13
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κℓm(k) = − ℓ(ℓ + 1)2 φℓm(k). (19)
The coefficients of the lensing potential can be written in compact
form as
φℓm(k) = ηℓ(k, k′)Φ0ℓm(k′) (20)
by introducing the matrix
ηℓ(k, k′) ≡ 4
pi
∫
χ2dχ jℓ(kχ)
∫ χ
0
dχ′ χ − χ
′
χχ′
jℓ(k′χ′) D+(a
′)
a′
(21)
along with the following summation convention
A(k, k′)B(k′, k′′) ≡
∫
k′2dk′A(k, k′)B(k′, k′′). (22)
The inclusion of the linear growth function D+(a) allows for the use
of today’s gravitational potential Φ0
ℓm
(k), which in turn is related to
the density contrast via the (comoving) Poisson equation
Φℓm(k) = −3Ωm2χ2H
1
a
δℓm(k)
k2 . (23)
Here we have introduced the Hubble distance χH ≡ c/H0.
Having established a relation between the harmonic transform
of the gravitational shear and that of the cosmic density field (cf.
equations 18 and 20), we are still leaking a relation to the actually
accessible observables in weak lensing measurements. Therefore,
we consider the following discrete estimator
γˆℓm(k) =
√
2
pi
∑
galaxies g
γg(xg) jℓ(kχg) 2Y∗ℓm(nˆg) (24)
(Heavens 2003) constructed from the gravitational shears of indi-
vidual galaxies. In order to calculate the expectation value of this
estimator, we have to take observational uncertainties, as well as
some specifications of the galaxy survey, into account.
In any realistic experiment the exact radial position of a galaxy
is not known, however an estimate of its photometric redshift may
be available. The conditional probability for the estimated redshift
z given the true redshift ztrue is typically modelled by a Gaussian
p(χ|χtrue)dχ = 1√
2piσz
exp
[
− (z − ztrue)
2
2σ2z
]
dz. (25)
For simplicity, we assume rather optimistically σz = 0.02 indepen-
dent of redshift.
The survey itself is assumed to be a full-sky experiment, i.e. it
is homogeneous and isotropic in its angular part. The radial galaxy
number density is described by
n(z)dz ∝ z2 exp
−
(
z
z0
)β dz. (26)
Having Euclid in mind we expect 100 galaxies per square ar-
cminute and set z0 = 0.64 and β = 3/2 (Amendola et al. 2012).
After the transition to a continuos formulation the expectation
value of the estimator is given by
γ¯ℓm(k) = Zℓ(k, k′)Mℓ(k′, k′′)γℓm(k′′), (27)
where we have defined the two new matrices by
Zℓ(k, k′) ≡ 2
pi
∫
χ′2dχ′ jℓ(kχ′)
∫
dχ p(χ′ |χ) jℓ(k′χ) (28)
and
Mℓ(k, k′) ≡ 2
pi
∫
χ2dχ jℓ(kχ) jℓ(k′χ)n(χ). (29)
Being proportional to the linear density contrast the expectation
value itself is obviously zero. Valuable information, however, can
be extracted from its covariance. It reads in terms of the linear mat-
ter power spectrum P(k)
Cγγ
ℓ
(k, k′) = 〈γ¯ℓm(k)γ¯∗ℓ′m′ (k′)〉
= A2
(ℓ + 2)!
(ℓ − 2)!Bℓ(k, k
′′) P(k
′′)
k′′4
Bℓ(k′, k′′) (30)
with the constant A ≡ 3Ωm/4χ2H and the matrix Bℓ(k, k′) ≡
Zℓ(k, k′′)Mℓ(k′′, k′′′)ηℓ(k′′′, k′).
In contrast to conventional cosmic shear studies which are
confined to the two-dimensional sky, the covariance matrix of the
three-dimensional lensing field acquires off-diagonal elements in
k-space. Accordingly, the shear field has different statistical prop-
erties with respect to the underlying cosmic density field. The latter
is statistically homogeneous and isotropic characterised by a power
spectrum which is diagonal in harmonic space, i.e.
〈
δℓm(k)δ∗ℓ′m′ (k′)
〉
=
P(k)
k2 δD(k − k
′)δℓℓ′δmm′ . (31)
The lensing potential, as a projection along the line-of-sight is no
longer statistically homogeneous and isotropic in radial direction.
Conversely, the covariance matrix is still diagonal in multipole
space highlighting that it does maintain statistical homogeneity and
isotropy in angular direction at fixed radial position.
The structure of the covariance matrix becomes more involved
if nonlinear structure growth is considered. Beyond linear theory
the growth of cosmic structures becomes scale dependent. Its time,
or equivalently redshift, dependence cannot longer be expressed in
terms of the growth function. Accordingly equation (20) needs to
be replaced by
φℓm(k) = 4
pi
∫
χ2dχ jℓ(kχ)
∫ χ
0
dχ′ χ − χ
′
χχ′
jℓ(k′χ′)Φℓm(k′, χ′). (32)
The computation of the cosmic shear covariance matrix then re-
quires the evaluation of the matter power spectrum for modes lo-
cated at different (comoving) distances (or instances of time), i.e.
a term of the form P(k, χ, χ′) enters equation (30) inside the χ-
integrations. For further progress Castro et al. (2005) suggested and
justified to set P(k, χ, χ′) ≃ √P(k, χ)P(k, χ′). From this it is easy to
recover our expressions which are restricted to linear structure for-
mation P(k, χ, χ′) = √P(k, χ)P(k, χ′) = √D2+(a)P(k)D2+(a′)P(k) =
D+(a)D+(a′)P(k). Thus, the power spectrum does not enter the χ-
integrations.
Large-scale modes of the estimator (27) can be safely treated
as Gaussian random fields, hence the corresponding likelihood is
completely determined by the covariance matrix (30). Extending
the Gaussian likelihood to small scale-modes, however, is expected
to introduce a significant bias in the derived cosmological parame-
ters (Takada & Jain 2009; Sato & Nishimichi 2013). While this is a
consequence of nonlinear structure growth, a non-Gaussian likeli-
hood may also arise from the finite volume of any realistic survey.
Here, large-scale modes, which exceed the survey, couple adjacent
large wavelength perturbations. This results in an (additional) non-
Gaussian signature on scales which are much smaller than the sur-
vey (Takada & Hu 2013).
3.2 Intrinsic alignments
For a realistic experiment the gravitational shear needs to be re-
placed by the observed ellipticity ǫ(o) in the estimator given by
equation (24). In the absence of intrinsic alignments the covariance
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matrix of the gravitational shear field is almost unaffected by this
substitution. It just acquires an additional shot noise term given by
Nℓ(k, k′) = σ
2
ǫ
4
Mℓ(k, k′), (33)
where σ2ǫ denotes the variance of the observed ellipticity, typically
σ2ǫ . 0.1 (Heavens 2003).
The situation, however, is completely different when the in-
trinsic galaxy shapes are correlated. Then, there are basically three
distinct contributions to the total covariance (omitting the shape
noise for simplicity in the following)〈
ǫ
(o)
ℓm
(k)ǫ(o)∗
ℓm
(k′)
〉
= Cℓ(k, k′)
= Cγγ
ℓ
(k, k′) +Cǫǫℓ (k, k′) +Cǫγℓ (k, k′). (34)
Assuming a completely covered sky guarantees that the covari-
ance matrix is diagonal in ℓ and m. The second term describes
II-alignments whereas the third one captures GI-alignments. Ac-
tually, the last term solely arises from the correlation between the
intrinsic shape of a foreground galaxy and the lensing induced shear
of a background galaxy. Lensed galaxies are typically located far
enough from the lens in order to safely consider intrinsic shape
and tidal field being uncorrelated, i.e. their distance exceeds sev-
eral correlation lengths. Concentrating on linear theory, this term
is only present in the linear model because in case of the quadratic
model the covariance involves the bispectrum of the gravitational
potential which identically vanishes for a Gaussian random field.
In order to compute the individual contributions to the covariance
we have to find the corresponding 3d expressions for the intrinsic
ellipticities first.
3.2.1 Linear model
We start with the linear model as given in equation (6). In a first
step we convert the comoving derivatives into angular derivatives,
i.e.
ǫ+ = −C1
(
∂2x − ∂2y
)
ΦS = −
C1
χ2
(
∂2θ1 − ∂2θ2
)
ΦS(χθ, χ), (35)
ǫ× = −2C1∂x∂yΦS = −2
C1
χ2
∂θ1∂θ2ΦS(χθ, χ), (36)
where θ = (θ1, θ2) denotes a two-dimensional angular position on
the sky. In order to facilitate the incorporation of the intrinsic ellip-
ticity field in the 3d formalism we then replace the angular deriva-
tives by covariant derivatives on the (unit) sphere. This step might
seem worrisome because the tidal shearing responsible for the in-
trinsic ellipticity is not confined to the surface of the observed sky.
However, in practice we are only interested in patches of the sky
small enough to be considered as flat, so that then covariant deriva-
tives reduce to partial derivatives again. We denote a covariant
derivative acting on a vector field by ∇µXν = ∂µXν − ΓαµνXα (keep-
ing Einstein’s summation convention in mind) and recall that the
non-vanishing Christoffel symbols on the two-dimensional sphere
are Γϑϕϕ = − sinϑ cosϑ and Γϕϑϕ = Γϕϕϑ = cot ϑ. We then have
ǫ+ = − C12χ2
(
∇ϑ∇ϑ − csc2 ϑ∇ϕ∇ϕ
)
ΦS, (37)
ǫ× = − cscϑ C1
χ2
∇ϑ∇ϕΦS. (38)
The additional cscϑ term in the last expression mirrors the fact that
the two ellipticity modes form the components of a rank two tensor
rather than those of a vector, i.e.
ǫµν =
(
ǫ+ sinϑ ǫ×
sinϑ ǫ× − sin2 ϑ ǫ+
)
, (39)
and that the basis vectors are orthogonal but not orthonormal.
The great advantage of reformulating the intrinsic ellipticity
in terms of covariant derivatives is that we can now exploit its re-
lation to the eth operator (Castro et al. 2005). It allows to write the
(complex) galaxy’s ellipticity in the most compact form, namely as
second eth-derivative of a suitably constructed scalar potential
ǫ(x) = −C1
2
ððΨ(x) (40)
with
Ψ(χ, ϑ, ϕ) ≡ ΦS(χ, ϑ, ϕ)
χ2
(41)
in complete analogy to the weak lensing case (cf. equation 14),
replacing the lensing potential by the auxiliary potential Ψ. There
is one important difference between the two potentials. In contrast
to the lensing potential, the field Ψ does not evolve in time because
we assume that galaxy formation takes place during matter domina-
tion. Accordingly, we find the following relation for the harmonic
coefficients
ǫℓm(k) = −12
√
(ℓ + 2)!
(ℓ − 2)!Ψℓm(k) (42)
which are connected to the smoothed Newtonian gravitational po-
tential by
Ψℓm(k) = C1η˜ℓ(k, k′)ΦS,0ℓm (k′) (43)
with
η˜ℓ(k, k′) = 2
pi
∫
dχ jℓ(kχ) jℓ(k′χ). (44)
Due to the missing time dependence of the matrix η˜ℓ(k, k′) the ma-
trix ˜Bℓ(k, k′), which we define in complete analogy to the cosmic
shear case, takes the particularly simple form
˜Bℓ(k, k′) = 2
pi
∫
dχ jℓ(kχ)
∫
dχ′p(χ|χ′) jℓ(k′χ′) n(χ
′)
χ′2
. (45)
Finally, we arrive at the expressions for the covariance matrix of
the II-alignments
Cǫǫℓ (k, k′) =
〈
ǫ¯ℓm(k)ǫ¯∗ℓ′m′ (k′)
〉
= A2
(ℓ + 2)!
(ℓ − 2)!
˜Bℓ(k, k′′) P(k
′′)
k′′4
˜Bℓ(k′, k′′) (46)
and of the GI-alignments
Cǫγ
ℓ
(k, k′) = 〈ǫ¯ℓm(k)γ¯∗ℓ′m′ (k′)〉
= −A2 (ℓ + 2)!(ℓ − 2)!
˜Bℓ(k, k′′) P(k
′′)
k′′4 Bℓ(k
′, k′′). (47)
It is interesting to note that without the inverse χ2-weighting of the
gravitational potential in equation (41) the matrix η˜ would reduce to
the unit matrix because of the orthogonality relation of the spher-
ical Bessel functions (cf. equation A4). In this case the intrinsic
ellipticity field would be a statistically homogeneous field and the
non-diagonal structure of its covariance matrix would solely result
from the construction of the estimator ǫ¯ℓm(k).
3.2.2 Quadratic model
In order to find the 3d generalisation of the quadratic alignment
model we could in principle just repeat the steps we have carried
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out for the linear model in the previous section. However, we can
shorten the derivation by noting that
ǫ =
C2
χ4
(
∂2θ1ΦS + ∂
2
θ2ΦS
) (
∂2θ1ΦS − ∂2θ2ΦS + 2i∂θ1∂θ2ΦS
)
. (48)
We then find
ǫ(x) = C2
2
[
ððΨ(x)
] [(
ð¯ð + ¯ðð
)
Ψ(x)
]
, (49)
where the potential Ψ is defined as before (cf. equation 41). Ob-
viously, the ellipticity in equation (49) has spin weight two. It is
the most general quadratic function of the tidal shear tensor with
spin-2.
Aiming at the statistics of the intrinsic alignments we need to
relate the harmonic coefficients of the ellipticity field to that of the
gravitational potential next. This relation is much more involved
than in case of the linear model. We start with the intermediate
result
ǫℓm(k) = (−1)m+1
√
2
pi
3 C2
∑
ℓ1ℓ2m1m2
ℓ1(ℓ1 + 1)
√
(ℓ2 + 2)!
(ℓ2 − 2)!
×Iℓ1ℓ2ℓ(k1, k2, k) 2Wℓ1ℓ2ℓm1m2m
× η˜ℓ1 (k1, k3)ΦS,0ℓ1m1 (k3)η˜ℓ2 (k2, k4)Φ
S,0
ℓ2m2
(k4). (50)
Here we have introduced several new quantities which emerge from
the quadratic structure in the potential. The mode coupling is cap-
tured by
Iℓ1ℓ2ℓ(k1, k2, k) ≡
∫
χ2dχ jℓ1 (k1χ) jℓ2 (k2χ) jℓ(kχ) (51)
while the angular mixing matrix is given by
2Wℓ1ℓ2ℓm1m2m ≡ Πℓ1ℓ2ℓ
(
ℓ1 ℓ2 ℓ
0 −2 2
) (
ℓ1 ℓ2 ℓ
m1 m2 −m
)
(52)
with
Πℓ1ℓ2ℓ ≡
√
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ + 1)
4pi
. (53)
The six-fold indexed quantities denote Wigner 3 j-symbols which
are related to spherical harmonics by∫
dΩ s1 Yℓ1m1 (nˆ) s2 Yℓ2m2 (nˆ) s3 Yℓ3m3 (nˆ)
= Πℓ1ℓ2ℓ3
(
ℓ1 ℓ2 ℓ3
−s1 −s2 −s3
) (
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
(54)
(Hu 2000). The corresponding expectation value of the estimator is
then obtained from equation (27) replacing γℓm(k) by ǫℓm(k).
For the calculation of its covariance we need to evaluate the
trispectrum of the Newtonian potential. Since we are focusing on
linear theory, the trispectrum is completely characterised by its re-
ducible part and we can therefore invoke Wick’s theorem. Here we
just quote the final result relegating a detailed derivation to Ap-
pendix A:
Cǫǫℓ (k, k′) =
A4C22
2ℓ + 1
∑
ℓ1ℓ2
Bkℓℓ1ℓ2 (k3, k4)
P(k3)
k43
P(k4)
k44
×
(
Bk′ℓℓ1ℓ2(k3, k4) + (−1)ℓ1+ℓ2+ℓ Bk
′
ℓℓ2ℓ1
(k3, k4)
)
. (55)
The definition of the matrix Bk
ℓℓ1ℓ2
(k3, k4) is given in equa-
tion (A11). Note that the covariance matrix is diagonal in multipole
space reflecting the fact that we have assumed full sky coverage.
While it is independent of m1,2 the quadratic form of the intrinsic
ellipticities requires the evaluation of the double sum in ℓ1,2 leav-
ing the numerical effort for its computation tremendous (cf. Sec-
tion 4.2).
3.2.3 E/B-mode decomposition
Although we will not apply this formalism we shall now briefly ad-
dress the so-called E/B-mode (curl–gradient) decomposition of the
intrinsic and lensing induced shear field for completeness. Since
the gravitational shear tensor is symmetric and traceless (cf. equa-
tion 39 replacing ǫ by γ), it proves convenient to convert its two
degrees of freedom into two scalar functions with a definite be-
haviour under parity transformations
Eγ ≡ ∇−2
(
∇α∇βγαβ
)
, (56)
Bγ ≡ ∇−2
(
∇α∇τγαβετβ
)
(57)
(Stebbins 1996; Kamionkowski et al. 1997; Crittenden et al. 2002),
where
ετβ ≡
(
0 sinϑ
− sinϑ 0
)
(58)
and ∇−2 is the inverse Laplace operator on the sphere. The gradient
part or E-mode is a true scalar, i.e, parity conserving, while the
curl part or B-mode is a pseudo scalar, i.e. changing sign under
reflections. Any statistical analysis of weak lensing data can then
be performed in terms of the angular power spectra of these two
fields which are invariant under rotations of the reference frame in
contrast to the shear components.
The E- and B-mode of any spin-2 field η can be most read-
ily accessed in harmonic space because there is a simple relation
between the expansion coefficients of the two scalar functions and
those of η and its complex conjugate η∗, which carries spin weight
−2, (Zaldarriaga & Seljak 1999)
Eℓm(k) = −12 (2ηℓm(k) + −2ηℓm(k)) , (59)
Bℓm(k) = i2 (2ηℓm(k) − −2ηℓm(k)) . (60)
Due to the fact that the expansion coefficients of the cosmic
shear field and its complex conjugate are identical, i.e. 2γℓm =
−2γℓm, the shear field possesses no B-mode. Alternatively, this can
be seen by recalling that any spin-2 quantity η may be expressed in
terms of a complex potential
η(x) = 1
2
ðð (φE(x) + iφB(x)) (61)
(Newman & Penrose 1966; Castro et al. 2005) and realising that
the lensing potential is purely real. It turns out that the statistics of
the lensing E-mode is identical to that of the cosmic shear field, i.e.
Cγγ
ℓ
(k, k′) = CEγEγ
ℓ
(k, k′), provided that the expansion coefficients of
the potential φEγ are appropriately normalised (Castro et al. 2005).
The detection of a B-mode in weak lensing data may then be
used as a diagnostic for systematical errors in the experiment as-
suming that any other potential B-mode source can be excluded.
Possible B-mode contamination results from higher-order lensing
effects, like source-lens clustering (Schneider et al. 2002), multi-
ple lensing along the line-of-sight (Krause & Hirata 2010) or vi-
olations of the Born-approximation (Cooray & Hu 2002; Shapiro
& Cooray 2006). Another possible source are intrinsic alignments.
Obviously, the linear model cannot introduce any B-mode because
in this model the intrinsic ellipticities are obtained from a real po-
tential as well. Thus, the same reasoning as in case of cosmic shear
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applies. The quadratic model, however, introduces inevitably a non-
vanishing B-mode as can be seen as follows: Looking at equa-
tion (50) and realising that
ððYℓm(nˆ) =
√
(ℓ + 2)!
(ℓ − 2)! 2Yℓm(nˆ), (62)
¯ð¯ðYℓm(nˆ) =
√
(ℓ + 2)!
(ℓ − 2)! −2Yℓm(nˆ) (63)
we note that the only potentially spin-dependent part is given by
the angular mixing matrix defined in equation (52). Carrying out
the decomposition of ǫ∗(x) = ǫ+(x) − iǫ×(x) one readily finds
−2Wℓ1ℓ2ℓm1m2m = (−1)ℓ1+ℓ2+ℓ2Wℓ1ℓ2ℓm1m2m (64)
and therefore 2ǫℓm(k) , −2ǫℓm(k). Consequently, for the quadratic
model the B-mode of the ellipticity field does not vanish.
Finally, we would like to mention that there are physical pro-
cesses which transfer power from the E-mode of the intrinsic el-
lipticity field into its B- mode and vice versa. Recently, Giahi &
Scha¨fer (2013a,b) investigated this E/B-mode conversion due to
peculiar motion and gravitational lensing, respectively, in the flat-
sky limit.
4 NUMERICAL RESULTS
4.1 Linear model
After the derivation of the various covariance matrices in the last
section we would now like to illustrate our findings by presenting
some numerical results. We focus on the linear alignment model,
which in contrast to the quadratic model, exhibits both II- and GI-
alignments. In general, the 3d weak shear formalism is numerically
very demanding due to the large number of k-integrations required.
A further complication arises from the fact that the functions to be
integrated contain spherical Bessel functions which are highly os-
cillatory. Ayaita et al. (2012) showed how the numerical efforts can
be minimised. We adapt their strategy in our numerical evaluation
of the covariance matrices of the II- and GI-alignments predicted
by the linear model.
In order to make the computation feasible we restrict our anal-
ysis to a (discrete) k-space interval from kmin = 10−3 Mpc−1 to
kmax = 10−1 Mpc−1 covered by Nk = 200 equidistant steps. We
therefore do not apply any additional filtering to the CDM power
spectrum. Likewise, the finite wavevector interval corresponds to
a sharp cutoff filter in Fourier space which has been used by Hi-
rata & Seljak (2004) in their two-dimensional analysis. Further-
more, we consider Nz = 1000 steps in redshift space ranging from
zmim = 10−4 to zmax = 10.
In accordance with Hirata & Seljak (2004); Bridle & King
(2007); Joachimi et al. (2011) we choose the value for the constant
of the linear alignment model, C1, in such a way that it matches the
SuperCOSMOS observations at low redshift (Brown et al. 2002):
C1H20 = 8.93 × 10−3 (we use natural units where the speed of light
is set to unity).
First, we concentrate on the diagonal elements of the various
covariance matrices. In Figure 1 and 2 we show the results for four
different multipoles, ℓ = 10, 20, 100 and 200, assuming a shal-
low survey with zmedian = 0.3. Note the different k-range in each
of the plots. We only depict the range where the amplitude of the
covariance matrix is appreciable. The first observation is the ex-
pected trend that the larger the multipole order the larger the k-
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Figure 1. Diagonal elements of the covariance matrices of the cosmic shear
field, II- and GI-alignments for the linear model. We show the results for
multipoles ℓ = 10 and ℓ = 20. The median redshift has been set to zmedian =
0.3.
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Figure 2. Diagonal elements of the covariance matrices of the cosmic shear
field, II- and GI-alignments for the linear model. We show the results for
multipoles ℓ = 100 and ℓ = 200. The median redshift has been set to
zmedian = 0.3.
value where the covariance matrix peaks. Interestingly, the peak
position slightly differs for all three covariance matrices. The dif-
ferences in the peak location increases with increasing multipole
order. At low multipoles (ℓ = 10, 20 corresponding to an angular
scale of about ten degrees) the weak lensing signal dominates. It
exceeds the signal of both intrinsic alignment types by more than
one order of magnitude. For the smallest multipole the amplitude
of the II-alignments is compatible to that of the GI-alignments but
then starts to dominate the alignment signal and finally exceeds it
by more than one order of magnitude for ℓ = 200. On this angu-
lar scale the GI-contribution is almost as large as the cosmic shear
signal. Consequently, for ℓ = 200 the total covariance matrix is
dominated by the II-alignment term.
The situation is different for a deeper survey. In Figure 3 and 4
we show the results for a survey with zmedian = 0.9 having an eye on
the Euclid mission. As before, we plot the diagonal elements of all
three covariance matrices for ℓ = 10, 20, 100 and 200. Again only
the k-range featuring substantial amplitude is shown for clarity. We
find that weak lensing contributes most to the diagonal elements of
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Figure 3. Diagonal elements of the covariance matrices of the cosmic shear
field, II- and GI-alignments for the linear model. We show the results for the
multipoles ℓ = 10 and ℓ = 20. In contrast to the shallow survey assumed in
Figure 1 the median redshift has now been set to zmedian = 0.9 as anticipated
by the Euclid mission.
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Figure 4. Diagonal elements of the covariance matrices of the cosmic shear
field, II- and GI-alignments for the linear model. We show the results for
the multipoles ℓ = 100 and ℓ = 200. In contrast to the shallow survey
assumed in Figure 2 the median redshift has now been set to zmedian = 0.9
as anticipated by the Euclid mission.
the covariance matrices for all four multipoles under consideration.
The difference with respect to the II-contributions decreases with
multipole order (from roughly three orders of magnitude for ℓ = 10
to one order of magnitude for ℓ = 200). While on large angular
scales the GI-contributions are slightly enhanced in comparison to
those from the II-alignments, the latter dominate vastly on smaller
scales where the II-contributions exceed the GI-signal by more than
one order of magnitude. Furthermore, we see that the differences in
the peak positions are much lees pronounced than for the shallow
survey.
Confronting the results obtained for the two different surveys
one immediately recognises that the maxima are shifted to larger
scales in case of the higher redshift sample. It is interesting to note
that for both survey specifications II-alignments on the one hand
and weak cosmic shear and GI-alignments on the other hand exhibit
a different dependence on the wave number k. The weak lensing
and GI-signal fall off much steeper than that of the II-alignments.
A direct comparison of our results to the two-dimensional
analysis carried out by Hirata & Seljak (2004) is of course not pos-
sible. However, we can draw some general, qualitative conclusions.
As Hirata & Seljak (2004), we find that in case of a shallow survey
the II- contributions dominate over the weak cosmic shear signal
as well as the GI-signal. Increasing the depth of the survey the sit-
uation is reversed and lensing is the dominant contribution. This is
also true for the two-dimensional power spectrum. However, as an
important difference with respect to the work of Hirata & Seljak
(2004) we find that for the deeper survey the major contamination
of the weak lensing signal is not given by the GI-alignments but by
the II- alignments.
Finally, we look at the shape of the full three-dimensional co-
variance matrices. In Figure 5 we show from top to bottom the co-
variance matrices of the cosmic shear field, II-alignments and GI-
alignments for multipoles ℓ = 10 (left panel) and ℓ = 100 (right
panel), respectively. Here we only consider the Euclid-like high
redshift sample. Note we do not show the entire k-range but con-
centrate on the part from which the covariance matrices receive ap-
preciable contributions. As already observed before, it is common
to all three covariance matrices that the higher the multipole order
the more the signal is shifted towards smaller scales. The individual
shape of the matrices, however, is quite different. While the weak
lensing signal is rather circular, the covariance of the II-alignments
are elongated along the diagonal of the k-plane. This corresponds
to the slow decline of the II-signal with increasing wavenumber we
have already noticed during our discussion of the diagonal entries
above. In contrast to this, the GI-contributions are much more com-
pact. Their extent in the k-plane is several times smaller than that
of the II-alignments. Interestingly, for ℓ = 100 the contributions
of both alignment types are almost completely concentrated on the
diagonal, whereas the shape of the cosmic shear covariance resem-
bles that of an isosceles triangle. Especially the GI-alignments be-
come extremely narrow in the k-plane.
These findings allow a first qualitative estimate of how intrin-
sic alignments may bias cosmological parameters inferred from 3d
cosmic shear studies. With respect to the pure cosmic shear signal
the total covariance matrix, i.e. the sum of all three matrices, would
be tilted towards larger k-modes since the contributions from the
II-alignments add power on smaller scales, whereas those of the
GI-alignments reduce the amplitude at smaller wave numbers. This
tilt suggests that in particular the normalisation of the power spec-
trum σ8, the matter fraction Ωm and the Hubble parameter h are
biased. The actual magnitude of this bias, however, is hard to pre-
dict because the effect of power enhancement and suppression is
different for different multipoles.
4.2 Quadratic model
There are two main complications in evaluating the quadratic
model numerically, the double sum in equation (55) and the mode
coupling integral ˜Iℓ1ℓ2ℓ(k1, k2, k) defined by equation (A5). The dou-
ble sum results from the product of two gradient fields (cf. equa-
tion 49); the corresponding multipoles have to be considered as a
kind of inner indices. Therefore, a truncation of the sum at rela-
tively low multipoles, ℓ1,2 ∼ O(102), is not permissible. The very
fact that this sum converges rather slowly leaves the numerical im-
plementation at least challenging.
The situation is further aggravated by the evaluation of the
mode coupling integral ˜Iℓ1ℓ2ℓ(k1, k2, k). For large multipoles, as re-
quired by the double sum in order to converge, the computation is
numerically problematic due to the oscillatory behaviour of higher-
c© 2013 RAS, MNRAS 000, 1–13
10 Philipp M. Merkel and Bjo¨rn Malte Scha¨fer
co
sm
ic
sh
ea
r
ℓ = 10
C
γγ
ℓ (k, k
′), ℓ = 10
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
k [Mpc−1]
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
k
′
[M
p
c−
1
]
0
2.0 · 103
4.0 · 103
6.0 · 103
8.0 · 103
1.0 · 104
1.2 · 104
ℓ = 100
C
γγ
ℓ (k, k
′), ℓ = 100
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
k [Mpc−1]
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
k
′
[M
p
c−
1
]
0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
II
-
al
ig
n
m
en
ts
Cǫǫℓ (k, k
′), ℓ = 10
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
k [Mpc−1]
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
k
′
[M
p
c−
1
]
0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
Cǫǫℓ (k, k
′), ℓ = 100
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
k [Mpc−1]
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
k
′
[M
p
c−
1
]
0
5.0 · 10−3
1.0 · 10−2
1.5 · 10−2
2.0 · 10−2
2.5 · 10−2
3.0 · 10−2
3.5 · 10−2
4.0 · 10−2
4.5 · 10−2
5.0 · 10−2
G
I-
al
ig
n
m
en
ts
−C
ǫγ
ℓ (k, k
′), ℓ = 10
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
k [Mpc−1]
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
k
′
[M
p
c−
1
]
0
5.0
10.0
15.0
20.0
25.0
−C
ǫγ
ℓ (k, k
′), ℓ = 100
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
k [Mpc−1]
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
k
′
[M
p
c−
1
]
0
1.0 · 10−3
2.0 · 10−3
3.0 · 10−3
4.0 · 10−3
5.0 · 10−3
6.0 · 10−3
Figure 5. Covariance matrices for the linear alignment model. From top to bottom: covariance of the lensing induced shear field (first row), II- alignments
(second row) and GI-alignments (third row) for multipoles ℓ = 10 (left column) and ℓ = 100 (right column). The median redshift has been chosen to be
zmedian = 0.9.
order spherical Bessel functions. This kind of integrals appears
in nuclear scattering theory and analytical attempts to its evalu-
ation exist (Mehrem et al. 1991; Mehrem & Hohenegger 2010).
These analytical expressions, however, contain multiple sums over
Wigner 3 j- and 6 j-symbols as well as associated Legendre func-
tions making the practical use for an efficient computation of a
large number of these integrals quite limited. A more promising
approach might be to resort to the asymptotic forms of spherical
Bessel functions in the high ℓ-limit. Though this obviously requires
an elaborate distinction of cases since the multipoles enter the sum
of equation (55) in all possible combinations. Aiming at the con-
stitutive formalism for a description of intrinsic alignments in the
framework of 3d cosmic shear the explicit development of such a
scheme is beyond the scope of this paper and is reserved for future
work.
c© 2013 RAS, MNRAS 000, 1–13
Intrinsic alignments in 3d 11
5 SUMMARY
We developed a formalism to incorporate the intrinsic alignment of
galaxy shapes into the framework of 3d cosmic shear. For the de-
scription of the intrinsic galaxy ellipticities we used two different
models being linear and quadratic in the cosmic tidal field, respec-
tively.
(i) Introducing an appropriate auxiliary scalar potential, we
were able to formulate the intrinsic ellipticity field for each of
the two models in terms of second eth-derivatives emphasising the
spin-2 character of the ellipticity field.
(ii) We then derived expressions for the covariance matrices of
the intrinsic alignments. Both ellipticity models give rise to II-
alignments but for Gaussian density fluctuations GI-alignments are
only present in the linear model.
(iii) In contrast to conventional two-dimensional weak lensing
analyses the covariance matrix of the three-dimensional shear field
acquires off-diagonal elements in k-space reflecting the fact that the
lensing potential is not a statistically homogeneous field. The same
is true for the covariance matrices of the II- and GI-alignments. Sta-
tistical homogeneity, however, is maintained in the angular parts of
the ellipticity and shear field, respectively, in case of an idealised
observation with access to the full sky. As a consequence, the cor-
responding covariance matrices are diagonal with respect to the an-
gular multipoles ℓ and m.
(iv) In addition, we considered the E/B-mode decomposition of
the ellipticity field and found that in case of the linear model the B-
mode is identically zero. Thus, for the linear model the intrinsic el-
lipticities exhibit the same behaviour under parity transformations
as those induced by lensing. Opposed to that, the quadratic model
does possess a non-vanishing parity odd B-mode.
(v) We evaluated numerically the covariance matrices of both
II- and GI-alignments for the linear model and compared it to that
of cosmic shear. In case of a shallow survey (zmedian = 0.3) we
found that for large multipoles the II-alignments dominate the sig-
nal underlining the fact that intrinsic alignments are a small scale
phenomenon. For a deep redshift survey like Euclid (zmedian = 0.9),
however, the lensing signal becomes dominant for all multipoles.
In this case, the II-alignment contamination is more than one order
of magnitude smaller with respect to the shear signal. Furthermore,
we showed that in contrast to two-dimensional lensing studies the
GI-contributions are only slightly enhanced if at all in comparison
to the II-alignments which are the dominant contaminant on almost
all scales for both survey specifications.
(vi) Finally, we investigated the shape of the various covariance
matrices in the k-k′-plane. Concentrating on a Euclid-like survey
we found a fundamental difference between the covariance matri-
ces of cosmic shear on the one hand and of II- and GI-alignments,
respectively, on the other hand. While the shape of the lensing co-
variance matrix is rather circular that of the intrinsic alignments is
strongly elongated along the diagonal k = k′. For large multipoles
(ℓ ∼ 100) the covariance matrices of both alignment types tend to
almost completely concentrate along this diagonal.
Having established the basic formalism for a consistent treat-
ment of the linear and quadratic alignment model in the framework
of 3d weak lensing, future efforts should now be addressed to a
detailed quantitative study of their impact on cosmological param-
eters derived from 3d cosmic shear measurements.
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APPENDIX A: DERIVATION OF THE COVARIANCE
MATRIX OF THE QUADRATIC MODEL
In this appendix we fill up the missing steps in the derivation of
equation (55). In order to simplify our notation we denote mul-
tipoles with a bar ¯ℓ when we refer to ℓ and m at the same time.
We begin with the computation of 〈ǫℓm(k)ǫ∗ℓ′m′ (k′)〉. Denoting the
trispectrum of the Newtonian gravitational potential evaluated to-
day by
T
¯ℓ1 ¯ℓ2
¯ℓ′1 ¯ℓ
′
2
(k1, k2, k′1, k′2) ≡
〈
Φ
S,0
ℓ1m1
(k1)ΦS,0ℓ2m2 (k2)Φ
S,0∗
ℓ′1m
′
1
(k′1)ΦS,0∗ℓ′2m′2 (k
′
2)
〉
(A1)
we have〈
ǫℓm(k)ǫ∗ℓ′m′ (k′)
〉
= C22
∑
¯ℓ1 ¯ℓ2 ¯ℓ′1 ¯ℓ
′
2
¯Qk
¯ℓ1 ¯ℓ2 ¯ℓ
(k1, k2) ¯Qk′
¯ℓ′1 ¯ℓ
′
2
¯ℓ′ (k′1, k′2)
×T ¯ℓ1 ¯ℓ2
¯ℓ′1 ¯ℓ
′
2
(k1, k2, k′1, k′2). (A2)
In the last equation we have defined
¯Qk
¯ℓ1 ¯ℓ2 ¯ℓ
(k1, k2) ≡ (−1)m+1
√
2
pi
3 ℓ1(ℓ1 + 1)
√
(ℓ2 + 2)!
(ℓ2 − 2)!W
ℓ1ℓ2ℓ
m1m2m
×Iℓ1ℓ2ℓ(k3, k4, k) η˜ℓ1 (k3, k1) η˜ℓ2 (k4, k2). (A3)
Exploiting the orthogonality of the spherical Bessel functions∫
k2dk jℓ(kχ) jℓ(kχ′) = pi2χ2 δD(χ − χ
′) (A4)
(Abramowitz & Stegun 1972) the matrix product in equation (A3)
can be simplified considerably. Introducing
˜Iℓ1ℓ2ℓ(k1, k2, k) ≡
pi
2
∫ dχ
χ2
jℓ1(k1χ) jℓ2 (k2χ) jℓ(kχ) (A5)
we are left with
¯Qk
¯ℓ1 ¯ℓ2 ¯ℓ
(k1, k2) ≡ (−1)m+1
√
2
pi
3 ℓ1(ℓ1 + 1)
√
(ℓ2 + 2)!
(ℓ2 − 2)!W
ℓ1ℓ2ℓ
m1m2m
× ˜Iℓ1ℓ2ℓ(k1, k2, k). (A6)
As explained in Section 3.2.2 the trispectrum is evaluated via
Wick’s theorem. The trispectrum is then diagonal in the respective
combinations of ki and ¯ℓi. Therefore, the sums over ¯ℓ′1,2 collapse.
The remaining sums over m1,2 trivialises due to the fact that∑
m1m2
(
ℓ1 ℓ2 ℓ
m1 m2 m
) (
ℓ1 ℓ2 ℓ
′
m1 m2 m
′
)
=
1
2ℓ + 1
δℓℓ′δmm′ . (A7)
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Having removed the entire m1,2-dependence we now set
Qkℓ1ℓ2ℓ(k1, k2) ≡
√
2
pi
3 ℓ1(ℓ1 + 1)
√
(ℓ2 + 2)!
(ℓ2 − 2)!
(
ℓ1 ℓ2 ℓ
0 −2 2
)
×Πℓ1ℓ2ℓ ˜Iℓ1ℓ2ℓ(k1, k2, k) (A8)
and exploit another property of the Wigner 3 j-symbols, namely(
ℓ1 ℓ2 ℓ
m1 m2 m
)
= (−1)ℓ1+ℓ2+ℓ
(
ℓ2 ℓ1 ℓ
m2 m1 m
)
, (A9)
to arrive at
〈
ǫℓm(k)ǫ∗ℓ′m′ (k′)
〉
=
A4C22
2ℓ + 1
∑
ℓ1ℓ2
Qkℓ1ℓ2ℓ(k3, k4)
P(k3)
k43
P(k4)
k44
×
(
Qk′ℓ1ℓ2ℓ(k3, k4) + (−1)ℓ1+ℓ2+ℓ Qk
′
ℓ2ℓ1ℓ
(k3, k4)
)
.
(A10)
Equation (55) may then be recovered by setting
Bkℓℓ1ℓ2 (k3, k4) ≡ Zℓ(k, k′′)Mℓ(k′′, k′′′)Qk
′′′
ℓ1ℓ2ℓ
(k3, k4). (A11)
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